Abstract. An approach for the computations of upper bounds on the size of large complete arcs is presented. We obtain in particular geometrical properties of irreducible envelopes associated to a second largest complete arc provided that the order of the underlying field is large enough.
Introduction
A k-arc in the projective plane P 2 (F q ), where F q is the finite field with q elements, is a set of k points no three of which are collinear. An arc is complete if it is not properly contained in another arc. For a given q, a basic problem in Finite Geometry is to find the values of k for which a complete k-arc exists. For a k-arc K in P 2 (F q ), Bose [3] showed that k ≤ m 2 (q) := q + 1 if q is odd , q + 2 otherwise .
For q odd the bound m 2 (q) is attained if and only if K is an irreducible conic [17] , [11, Thm. 8.2.4] . For q even the bound is attained by the union of an irreducible conic and its nucleus, and not every (q + 2)-arc arises in this way; see [11, §8.4] . Let m ′ 2 (q) denote the second largest size that a complete arc in P 2 (F q ) can have. Segre [17] , [11, §10.4] showed that m ′ 2 (q) ≤ q − 1 4 √ q + 7 4 if q is odd, q − √ q + 1 otherwise. (1.1)
Besides small q, namely q ≤ 29 [4] , [11] , [15] , the only case where m ′ 2 (q) has been determinated is for q an even square. Indeed, for q square, examples of complete (q − √ q + 1)-arcs [2] , [5] , [6] , [7] , [16] show that m ′ 2 (q) ≥ q − √ q + 1 , ( 1.2) and so the bound (1.1) for q an even square is sharp. This result has been recently extended by Hirschfeld and Korchmáros [14] who showed that the third largest size that a complete arc can have is bounded from above by q − 2 √ q + 6.
If q is not a square, Segre's bounds were notably improved by Voloch [20] , [21] (see §3 here).
If q is odd, Segre's bound was slightly improved to m ′ 2 (q) ≤ q − √ q/4 + 25/16 by Thas [19] . If q is an odd square and large enough, Hirschfeld and Korchmáros [13] significantly improved the bound to
The two last bounds suggest the following problem, which seems to be difficult and has remained open since the 60's. The answer is no for q = 9 and yes for q = 25 [4] , [11] , [15] . So Problem 1.1 is indeed open for q ≥ 49.
In this paper we investigate irreducible components of the envelope associated to large arcs in P 2 (F q ). Such components will be called irreducible envelopes and their existence is related to the existence of certain rational points which will be called special points, see §2. This set up allows us to prove a general bound for the size of a complete arc (Proposition 3.1) which depends on q and the 4th positive F q -Frobenius order of the linear series obtained from quadrics in P 2 (F q ) defined on any irreducible envelope. From this result, for q odd and not a square, we recover the bounds on the size of arcs that were established so far in the literature (Lemma 3.2, Lemma 3.9). For q an odd square the best that our approach gives is another proof of Segre's bound.
Our research was inspired and motivated by the papers of Voloch [21, §4] and HirschfeldKorchmáros [12] , [13] . In fact our results are implicitly contained in such works and this paper can be considered as a set of footnotes to those. Nonetheless, the main contribution of this paper are the following.
(I) We explicitly determinate the type of curves (see (III) below) associated to complete large arcs (Proposition 4.1 and Proposition 4.2) whenever the underlying field is large enough; (II) We give a systematic account of how to bound the size of complete arcs by means of Stöhr-Voloch's approach to the Hasse-Weil bound [18] ; (III) We provide motivation for the study of irreducible plane curves over F q whose F q nonsingular model is classical for the linear series Σ 1 obtained from lines and whose Σ 2 := 2Σ 1 orders are 0, 1, 2, 3, 4, ǫ 5 and whose F q -Frobenius orders for Σ 2 are 0, 1, 2, 3, ν 4 , where
Finally, for the convenience of the reader, we include an appendix containing basic facts from Weierstrass points and Frobenius orders based on Stöhr-Voloch's paper [18] .
Special points and irreducible envelopes
Throughout this section K will be an arc in P 2 (F q ). Segre associates to K a plane curve C in the dual plane of P 2 (F q ), whereF q denotes the algebraic closure of F q . This curve is defined over F q and it is called the envelope of K. For P ∈ P 2 (F q ), let ℓ P denote the corresponding line in the dual plane. The following result summarize the main properties of C for the odd case.
Theorem 2.1. If q is odd, then the following statements hold:
1. The degree of C is 2t, with t = q − k + 2 being the number of 1-secants through a point of K. 2. All kt of the 1-secants of K belong to C. 3. Each 1-secant ℓ of K through a point P ∈ K is counted twice in the intersection of C with ℓ P , i.e. I(ℓ, C ∩ ℓ P ) = 2. 4. The curve C contains no 2-secant of K. Proof. See [17] , [11, §10] .
The irreducible components of
We recall that a non-singular point P of a plane curve A is called an inflexion point of A if I(P, A ∩ ℓ) > 2, with ℓ being the tangent line of A at P . We introduce the following terminology:
Definition 2.2. A point P 0 of C is called special if the following conditions hold:
(i) it is non-singular; (ii) it is F q -rational; (iii) it is not an inflexion point of C.
Then, by (i), a special point P 0 belongs to an unique irreducible component of the envelope which will be called the irreducible envelope associated to P 0 or an irreducible envelope of K. Proof.
(1) Let C 1 be associated to P 0 , let Φ be the Frobenius morphism (relative to F q ) on the dual plane of P 2 (F q ), and suppose that C 1 is not defined over F q . Then, since the envelope is defined over F q and P 0 is F q -rational, P 0 would belong to two different components of the envelope, namely C 1 and Φ(C 1 ). This is a contradiction because the point is non-singular. The next result will show that special points do exist provided that q is odd and the arc is large enough.
. If q is odd, then the envelope C of K has special points.
Remark 2.5. The hypothesis k > (2q + 4)/3 in the proposition is equivalent to k > 2t, with t = q − k + 2. Also, under this hypothesis, the envelope C is uniquely determined by K, see [11, Thm. 10.4 
.1(i)].
To prove Proposition 2.4 we need the following lemma, for which we could not find a reference. singular points, and
with r ≥ 1 and s ≥ 0. Let A be the plane curve given by
Then A satisfies the hypothesis of Lemma 2.3 and it has even degree by Theorem 2.1(1). From Theorem 2.1(3) and Bézout's theorem, for each line ℓ P (in the dual plane) corresponding to a point P ∈ K, we have
where 2M = deg(G), and so at least kM points corresponding to unisecants of K belong to A. Since k > 2t (see Remark 2.5) and 2t ≥ 2M, then kM > 2M 2 and from Lemma 2.3 we have that at least one of the unisecant points in A, says P 0 , is non-singular. Suppose that P 0 goes through P ∈ K. The point P 0 is clearly F q -rational and P 0 is not a point of the curve of equation H = 0: otherwise I(P 0 , C ∩ ℓ P ) > 2 (see Theorem 2.1(3)). Then, I(P 0 , C ∩ ℓ P ) = I(P 0 , A ∩ ℓ P ) = 2 and so ℓ P is the tangent of C at P 0 . Therefore P 0 is not an inflexion point of C, and the proof of Proposition 2.4 is complete.
Let C 1 be an irreducible envelope associated to a special point P 0 , and π : X → C 1 , the normalization of C 1 . Then by Lemma 2.3(1) we can assume that X and π are defined over F q . In particular, the linear series Σ 1 on X obtained by the pullback of lines of P 2 (F q ) * , the dual of P 2 (F q ), is F q -rational. Also, there is just one pointP 0 ∈ X such that π(P 0 ) = P 0 . For basic facts on orders and Frobenius orders the reader is referred to [18] or the appendix here. Remark 2.8. The hypothesis q odd in Lemma 2.7 (as well as in Proposition 2.4) is necessary. In fact, from [7] and [19] follow that the envelope associated to the cyclic (q − √ q + 1)-arc, with q an even square, is irreducible and F q -isomorphic to the plane
Next consider the following sets:
and the following numbers:
and 
To prove the proposition we first prove the following Lemma 2.10. Let K be an arc and C 1 an irreducible envelope of K. Let Q ∈ K and A Q be the set of points of C 1 corresponding to unisecants of K passing through Q. Let u := #A Q and v be the number of points in A Q which are non-singular and inflexion points of C 1 . Then
where d is the degree of C 1 .
Proof. Let P ′ ∈ A Q . Suppose that it is non-singular and an inflexion point of C 1 . Then, from Theorem 2.1(3) and the definition of A Q , we have that ℓ Q is not the tangent line of C 1 at P ′ , i.e. we have that I(P ′ , C 1 ∩ ℓ Q ) = 1. Now suppose that P ′ is either singular or a non-inflexion point of C 1 . Then from Theorem 2.1(3) we have I(P ′ , C 1 ∩ ℓ Q ) ≤ 2 and the result follows from Bézout's theorem applied to C 1 and ℓ Q .
Proof of Proposition 2.9. For Q ∈ K let A Q be as in Lemma 2.10 and set
We claim that m(Q) := 2
This claim implies the proposition since, from Theorem 2.1(4),
To prove the claim we distinguish four types of points in Y Q , namely
Observe that Y 1 Q ⊆ X 11 (F q ) and so
Since j ′ ∈ A Q : P ′ is either singular or not an inflexion point of
Then the claim follows from Lemma 2.10 and the proof of Proposition 2.9 is complete.
Bounding the size of an arc
Throughout the whole section we fix the following notation:
• q is a power of an odd prime p;
• K is a complete arc of size k such that (2q + 4)/3 < k ≤ m ′ 2 (q); therefore the degree of any irreducible envelope of K has at least degree three; • P 0 is an special point of the envelope C of K and the plane curve C 1 of degree d is an irreducible envelope associated to P 0 ; • π : X → C 1 is the normalization of C 1 which is defined over F q ; as a matter of terminology, X will be also called an irreducible envelope of K. •P 0 is the only point in X such that π(P 0 ) = P 0 ; g is the genus of X (so that g ≤ (d − 1)(d − 2)/2); • The symbols X 1 (F q ), M q and M ′ q are as in §2; • Σ 1 is the linear series g 2 d on X obtained from the pullback of lines of P 2 (F q ) * ; Σ 2 is the linear series g 5 2d on X obtained from the pullback of conics of P 2 (F q ) * , i.e. Σ 2 = 2Σ 1 (notice that dim(Σ 2 ) = 5 because d ≥ 3); • S is the F q -Frobenius divisor associated to Σ 2 ; • j 5 (P 0 ) is the 5th positive (Σ 2 ,P 0 )-order; ǫ 5 is the 5th positive Σ 2 -order; ν 4 is the 4th positive F q -Frobenius order of Σ 2 .
We apply the appendix to both Σ 1 and Σ 2 . We have already noticed that the (Σ 1 ,P 0 )-orders, as well as the Σ 1 -orders, are 0,1 and 2; see Lemma 2.7. Then, the (Σ 2 ,P 0 )-orders are 0,1,2,3,4 and j 5 (P 0 ), with 5 ≤ j 5 (P 0 ) ≤ 2d, and the Σ 2 -orders are 0,1,2,3,4 and ǫ 5 with 5 ≤ ǫ 5 ≤ j 5 (P 0 ); cf. [9, p. 464].
Then, we compute the F q -Frobenius orders of Σ 2 . We apply (F3) in the appendix toP 0 and conclude that this sequence is 0,1,2,3 and ν 4 , with
Therefore (see appendix)
deg(S) = (6 + ν 4 )(2g − 2) + (q + 5)2d , 
where M q and M ′ q were defined in (2.1). Then, taking into consideration the following facts:
we obtain the following. In this case, the corresponding irreducible envelope will be called Frobenius classical. This lemma holds in the following cases:
(3.1.1) Whenever q = p is an odd prime: Voloch's bound [21] ; (3.1.
2) The arc is cyclic of Singer type whose size k satisfies 2k ≡ −2, 1, 2, 4 (mod p), where p > 5; see Giulietti's paper [10] .
For the sake of completeness we prove (3. 2. ν 4 = ǫ 5 .
Here, from [8, Corollary 3], we have that p divides ǫ 5 . More precisely we have the following. As in the previous case, for q an even power of 3 and k = m ′ 2 (q) the case ν 4 = ǫ 5 = 6 occur only for q small. More precisely, we have the following. From now on we assume ν 4 = ǫ 5 = a power of p .
Then, the bound
in Proposition 3.1 and Segre's bound (1.1) provide motivation to consider three cases according as ν 4 
Since ν 4 is a power of p, then we have that ν 2 ≥ pq and so from (3.1) the following holds:
Suppose that K admits an irreducible envelope such that ν 4 is a power of p and that ν 4 > √ q. Then
if q is not a square , q − 
Proof. From Lemma 3.7 and m Then the bound k ≤ 28 + 4ν 4 29 + 4ν 4 q + 32 + 2ν 4 29 + 4ν 4 in Proposition 3.1 can be written as
is an increasing function so that
if q is not a square ,
otherwise .
Then from (3.2) and since R < 0 we have the following. Proof. Let q = p 2e ; so e ≥ 2 as p ≤ ν 4 < p e . From (1.2) and Lemma 3.9 we have that (p − 4)p e /4 < 29p 2 /16 − 0.5 , so that p ∈ {3, 5, 7, 11}.
Let p = 3. If ν 4 ≤ √ q/9 (so e ≥ 4), then from (1.2) and m The other cases can be handled in an analogous way.
In this case, according to (3.1), we just obtain Segre's bound (1.1).
Irreducible envelopes of large complete arcs
Throughout this section we keep the notations of the previous section. Here we study geometrical properties of irreducible envelopes associated to large complete arcs in P 2 (F q ), q odd. To do so we use the bounds obtained in §3 and divide our study in two cases according as q is a square or not.
q square.
Let X be an irreducible envelope associated to an arc of size m ′ 2 (q). Then from Lemma 2.7, and Corollaries 3.3, 3.6, 3.8, 3.10, we have the following sake of completeness we stress here the main ideas from [13] necessary to deal with Problem 1.1. Due to Proposition 2.9, the main strategy is to bound from above the number 2M q + M ′ q (which is defined via (2.1)). For instance, if one could prove that
where d is the degree of the irreducible envelope whose normalization is X , then from Proposition 2.9 would follow immediately an affirmative answer to Problem 1.1. However, since we know the answer to be negative for q = 9 and d ≤ 2t = 2(q + 2 − m whenever d = √ q − 2 and q is large enough. Therefore the paper [1] , as well as [12] or [13] , is a good guide toward the proof of (4.1) for
APPENDIX: Background on Weierstrass points and Frobenius orders
In this section we summarize relevant material from Stöhr-Voloch's paper [18] concerning Weierstrass points and Frobenius orders.
Let X be a projective geometrically irreducible non-singular algebraic curve defined over F q equipped with the action of the Frobenius morphism Fr X over F q . Let p := char(F q ). Let D be a base-point-free linear series g r d on X and assume that it is defined over F q . Let π : X → P r (F q ) be the F q -morphism associated to D. Then by considering the pullback of hyperplanes in P r (F q ) (via π) one can define, for each P ∈ X , a sequence of numbers j 0 (P ) = 0 < . . . < j r (P ), called the (D, P )-order sequence. It turns out that this sequence is the same, say ǫ 0 < . . . < ǫ r , for all but a finitely many points. This constant sequence is called the order sequence of D. There exists a divisor R = R D , the so called ramification divisor of D, such that the Supp(R) is the set of points whose (D, P )-orders are different from (ǫ 0 , . . . , ǫ r ). The curve is called D-classical with if ǫ i = i for each i. The following are the main properties of these invariants.
(W1) j i (P ) ≥ ǫ i for each P and each i; Now to count F q -rational points one looks for those points P such that π(Fr X (P )) belongs to the osculating hyperplane at P . This led to the construction of a divisor S = S D,q , the so called The curve is called F q -Frobenius classical with respect to D if ν i = i for each i. In addition, for each P ∈ X (F q ) holds (F3) ν i ≤ j i+1 (P ) − j 1 (P ), i = 0, . . . , r − 1; (F4) v P (S) ≥ r−1 i=0 (j i+1 (P ) − ν i ).
Hirschfeld and Korchmáros [13] noticed that (F3) and (F4) even holds for points in the set X 1 (F q ) := {P ∈ X : π(P ) ∈ π(X )(F q )} .
Therefore from (F3) and (F4) we have v P (S) ≥ rj 1 (P ) for each P ∈ X 1 (F q ) and hence we obtain the main result in [18] :
deg(S)/r ≥ #X 1 (F q ) ≥ #X (F q ) .
